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Introduction- Atom-centeredDensityMatrixPropagation(ADMP)1,S,6is a
relativelynewdevelopmenti thefieldofab-initiomoleculardynamics.Themost
attractivef atureabouthismethodisthatit iscomputationallyinexpensive
comparedtoothercommonmoleculardynamicsalgorithms,uchasBom-
OppenheimerMolecularDynamics(BOMD).ThisisbecauseBOMDhasa
computationalscalingproblem.Thesizeof thesystemit cananalyzeis limited,since
itmustsolveanexpensiveeigenvalueproblemtheSchrodingerquationviathe
Self-ConsistentField(SCF)approximation(forareview,seereference9).InBOMD,
thisexpensiveproblemmustbesolvedeverytimethenucleimoveinorderto
calculatethenewelectronicenergyofthesystem.ADMP, ontheotherhand,solves
fortheelectronicenergyonlyonceandpropagatesthisenergyviathedensitymatrix
alongwiththenuclei.Thus,thecomputationaltimescaleslinearlywiththesizeofthe
problem,makingADMP fasterthanBOMD.1
Anotherattractivef atureofADMP isthatitusesatom-centeredbasisfunctions
tocalculatelectronicenergies.Anothermethodthathasasimilarscaling,theCarr-
Parrinellomethod2,usessinesandcosines(planewaves)asbasisfunctionsto
describetheelectrons.Atomcenteredbasissets,i.e.Gaussianbellcurves,are
intuitivelysmarterchoicesformolecularsystems,incetheelectrondensityincreases
closertoanddecreasesfurtherfromthenucleus.SinceGaussiansexhibithesame
boundaryconditions,asmallnumberarerequiredtoaccuratelyrepresenttheelectron
density.Ontheotherhand,alargecombinationofplanewavesisneededforasimilar
description.
ADMP andBOMD,however,arenotabletodescribealltypesofdynamics
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encounteredinchemistry.Onethingtheylackisanabilitytohandledynamicsthat
canonlybeexplainedwithfullquantumechanics.Protontunneling,forexample,is
apurelyquantumeffecthatcanplayanimportantroleintheevolutionofasystem.It
iscompletelyoverlookedbyADMP. ThisisduetotheclassicalnatureofADMP,
whichwill beexplainedinthefollowingsection.ThereasonswhyBOMDneglects
these ffectswill alsobediscussedinsectionII. However,improvementshave
recentlybeenmadetoallowbothmoleculardynamicsschemestoaccountfor
quantumeffectsbyallowingaquantumparticletobepropagatedviathefullTime-
DependentSchrodingerEquation(TDSE).Thisnewmethodiscalledwavepacketab-
initiomoleculardynamics3,sinceitpropagatesthequantumparticleasawavepacket.
Thisscheme,however,isnotcompletelygeneral.Inparticular,itwill currentlyonly
propagateaparticlealongonedimension,limitingthescopeofthemethodology.The
purposeofthisC500projecthasbeentogeneralizethemethodtofulldimensionality.
Therestofthisreportisdividedintothefollowingparts:sectionII givesthe
necessarytheorybehindADMP andwavepacketab-initiomoleculardynamics,
sectionIII explainsthetheoryoftheC500projectanddiscussestheresultsand
difficulties,andsectionIV endsthereportwithconclusionsandfuturedirections.
SectionII-We will starthetheoreticaldiscussionwiththeTDSE:
in~ IfI(r,R;t)=H lj/(r,R;t),at (1)
whereH isthenuclear-electronHamiltonianandlj/(r,R;t)is thefunctionthat
describesthesystemattimet. TheTDSEcanbeapproximatedbybreakingit into
threeparts:
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ili ~ 1f/1(~M;t)=HI 1f/1(~M;t),at (2)
ili ~ If/z(Rc;t)=HzIf/z(Rc;t),at (3)
ili ~ 1f/3(r;t)=H3 1f/3(r;t),at (4)
whereIf/Iis thequantumparticlewithposition~M, If/zrepresentsthenucleiwith
positionRcand1f/3representstheelectronsandr denotestheirposition.This
approximationisonlyvalidif eachsubsystemactsindependently.Theseequations
arecoupledinthesensethateachsysteminteractswiththeothersinanaverageway
viatheTime-DependentSelf-ConsistentFieldMethod(TDSCF)9.ThismeansthatHI
isdefinedas
<If/z 1f/3IH Ilf/z 1f/3>. (5)
HzandH3aredefinedinasimilarmanner.
Topropagatehenuclei,wewouldenforcetheclassicallimit(Ii 0)on(3),
whichgivesrisetotheHamilton-Jacobiequation4,anotherformofNewton'sF =ma.
Thismeansthenucleiareclassicalparticlesandaretreatedassuch.Theelectronic
portion,1f/3,is treatedbyassumingastationarystateapproximationfthe
wavefunction,i.e.space-times paration.4Thisallowstheelectronicenergiestobe
calculatedviatheTime-IndependentSchrodingerEquation(TISE),Hlf/3 = E1f/3.Using
thesetwoequations,oneclassicalandonequantum,BOMDpropagatesthesystem
accordingtothealgorithmdiscussedinthepreviousection.
ADMP, however,worksdifferently.It isanextendedLagrangianscheme,
similartotheCPmethod.Lagrangiandynamicsi analternateformalismofnormal
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Newtonianmechanics.ThedifferenceisthatLagrangianequationsallowfor
constraints.TheLagrangianweuseisthekineticenergyminusthepotentialenergy
(L =T-Y). It canbeshown,seerefs.1and5,thatinADMP,
L =Y;Tr[yTMY] +Y;Tr[(g'l.W g'l.)2]- E(R,P) - Tr[A(PP - P)], (6)
whereM andY representthenuclear,i.e.classical,massandvelocity;g andW are
thefictitiousmasstensor5.6anddensitymatrixvelocity,whichdescribetheelectronic
degreesof freedom;E isthepotentialenergy,whichdependsonthenuclearpositions,
R, andthedensitymatrix,P;andthelasttermisaLagrangemultiplierwhich
constrainsthedensitymatrixtobeidempotent,i.e.p2=P,andsothathetraceofP is
thenumberofelectrons.ThesetwoconditionsareknownasN representabilty,andif
theyaremet,thenthereexitsanN-particlewavefunctionforP. It canbeshownvia
extensivederivationswhichwill nottakeplaceherebutcanalsobefoundinrefs.1
and3,that
M d2R - <
I
8E({Rc,P},RQM)
I I
>- - - !fit p !fitdt2 8Rc (7)
I d2P \I; <
I
8E({Rc,P},RQM)
I
- [AP+PA-A] l!fIt>.IIY' - g '=- !fit Rc~ dt2 8P (8)
Thegradientofthepotentialenergies 8E( {Rc,P},RQM) d 8E( {Rc,P},RQM), an are
8Rc 8P'
averagedover!fit,thequantumsystem.Carefulinspectionof thesetwoequationswill
revealthatequation(7)isF =ma,sincethenegativegradientofthepotentialenergy
isforce.Equation(8)issimilarinform,sinceg isthefictitiouselectronmassandP is
similartotheelectronicposition,butthecontentisquantum echanical.Thelast
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tennofequation(8)istheN representabilityconstraint.Becausequations(7)and(8)
computeclassicaltrajectories,ADMP cannotaccountforquantumeffects.
Whetherquantumwavepacketdynamicsi beingperfonnedwithADMP or
BOMD,oneequation,(2),remainsuntouched:
. a h2 -2
In - IfII(~M;t) =[-- N RQM +E({Rc,P},~M)]IfII(~M;t).
at 2MQM
(9)
Theenergyfunctional,E({Rc,P},~M),dependsonthecoordinatesofallthree
subsystems.It canberepresentedbyanysingleparticlemethod,includingallDensity
FunctionalTheory(DFT)functionals,orotherfonnalismslikeHartree-Fock(HF)or
semiempiricalmethods.Moreexplicitly,it is
E =Tr[hP+'li G(P)P] +Exc+VNN, (10)
wherehistheoneelectronmatrixandG isthetwo-electronmatrixforHF methods
butthecoulombpotentialforDFTmethods.ExcistheDFT exchangecorrelation
functional( in HF, Exc=0),andVNNis thenuclearrepulsion.1Equation(9)is usedto
propagateoneparticle,i.e.protonorelectron,andtherestofthesystemispropagated
accordingtotheADMP orBOMDequations.
Thequantumsystemispropagatedaccordingthesolutionofequation(2):
. a iHlt iHlt
In- exp{--} tp(RQM;O)=HI exp{--} tp(~M;O),at h h (11)
iHlt iHlt .
whereexp{--} tp(~M;O)=tp(RQM;t)andexp{--} IScalledthequantumh h
propagator.Thepropagatorisanoperatorthatmovesthesystemintime.It isthis
propagatorthatweuseto evolvethequantumsubsystemin ournewmethodandit is
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theapproximationfthispropagatorthatcomprisesthemajorityofthetheorybehind
themethodology.
Thefirststeptowardsrepresentingthepropagatoristoapproximatei usinga
kineticreferencesymmetricsplitoperatorapproach:3
iHlt iVt iKt iVt 3
exp{--} = exp{--} exp{--} exp{--} +0 (t)
11 211 11 211 '
(12)
whereK isthekineticenergyoperatorinequation(9),V isthepotentialenergy
operatorandthefinaltermarisesbecausetheerrorinherentinthisformofthe
operatorscalesas0 (t\ i.e.asacubicfunctionohime.ThiserrorarisesinceK and
V donotcommute.Thepotentialenergypartofthepropagatoristrivialtorepresent
if thepotentialislocal,asitsmatrixrepresentationsdiagonalinthecoordinate
representation.Thekineticenergyportionofthepropagator,knownasthefree
propagator,isnotdiagonalinthecoordinater presentation.Thus,asuitable
approximationmustbefound.
Thefreepropagatorcanbecalculatedbyanumberofmethods,including
usingfastFouriertransformstorepresentit inthemomentumrepresentation,whereit
isdiagonal,andimplementingFeynmanpathintegrals.3However,werepresentit
withananalyticalbandedDistributedApproximatingFunctional(DAF)7forreasons
thatwill soonbecomeclear.Thefreepropagatorisrepresentedanalyticallyas3:
fR 'QM <RQMIexp{ iK~tQM} IR'QM>Ip(R'QM;t)
= ~exp{ (RQM-R'QM)2}I( a(O) )2+1
a(O) 2a( MQM)2 n=Oa( MQM)
(_!)n ~(27trl/2H2n(RQM- R'QM) Ip(R'QM;t),
4 n! ha(MQM)
(13)
where
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{a(MQM)}2=a(O)2+ iMQMh
MQM .
(14)
Thisexpressioncomesfromthefamiliarexpressionofthefreepropagationofa
Gaussianfunction,3
iK~tQM X2 a(O) X2exp{ }exp{- }= exp{- }~ ~ ,~, ? , ., ~ ,. , ? (15)
andfromthefactthatHermitefunctionscanbegeneratedfromGaussians:
X2 dn X2
H 2n(X)exp{--} =(-IY - exp{--} .2a2 dXn 2a2 (16)
Equation(13)is inacontinuousform.Inordertoimplementit inafeasible
algorithm,itmustbediscretized.Thus,theevolutionofthewavepacket,lp(~M;t),is
i J 2 M /2
(Ri . A ) - ~x" { (R QM - R QM) ," ( a(O) )2+1q> QM,HLlt -- L,.exp - 2 J L,.
a(O) J 2a(MQM) n=Oa(MQM)
(-.!i ~(21tr1/2H2n(RiQM-RJQM )q>(RJQM;t).
4 n! ..{ia(MQM)
(17)
It isthisformofthepropagatorthatheDAF approximates.Thisparticular
propagationtakesplacealongaonedimensionalgrid(aline)withspacingof~x.M
andaareparametersthat,whenchosencorrectly,will givetheDAF anoptimum
accuracy.3NowthatheformoftheDAF propagatorisknown,onecanseewhythis
choiceofapproximationprovidesomeadvantages.Inparticular,theelementsofthe
DAF matrixdependonlyon(RiQM - RJ QMi. Thismeansweonlyneedtostorethe
firstrowofthismatrix,sinceitcontainsalloftheinformationweneed.Another
advantageisthathescalingoftheDAF propagationschemeis 0 {(2W+1)(N- W )
- W2},whereN isthenumberofgridpointsandW dependsonthechoiceofthe
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parametersM andcr.2BecauseN doesnotdependonW,thescaling oesas0 (N),
i.e.linearly,forlargegrids.
SectionIII - SincethepropagationdiscussedinsectionII ofthisworkisone-
dimensional,themultidimensionalpropagationmustbederived.Wewill onlypresent
athree-dimensionalschemesinceit isthemostusefuland,byusingitasamodel,the
derivationofamulti-dimensionalschemecaneasilybeextrapolated.It isthisportion
oftheC500projecthathasbeentakenclosetocompletion.
Th d
. .
b
. .
hth fr {
iUtQM
} T 1
.
e envatIoneglnsWIt e eepropagator,exp . 0generalze
h
theschemeintothreedimensions,thedirectproductformofthepropagatorisused
{
iUtQM
} {
iKxLltQM
} {
iK y!:!:.tQM
} {
iKzLltQM
}exp =exp- exp- exp -
h h h h'
(18)
whereKxJy/zis themomentumoperatoralongthex/y/z-axis.Thissplittingcanbedone
inanexactmannersinceallthreeoperatorscommute.Thecontinuousformofthe
operatoris
qJ(Rx,Ry,Rz;t+!:!:.t)=
fdRx'<Rxlexp{-iKx~tQM}IR'x> fdRY'<Rylexp{-iKy~tQM}IR'y>
fdRz'<Rzl exp{ iKz~tQM}IR 'z> qJ(R'x,R'y,R'z;t). (19)
It iseasytoseethateachdimensionofthisequationisthecontinuousformof
equation(17).Thus,equation(19)isapproximatedby:
qJ(R1x,Rmy,Rnz;t+!:!:.t)=DAFxl,i DAFYmj DAFzn,k qJ(RiX,IVy,Rkz;t), (20)
whereeachDAF iscalculatedaccordingtoequation(17).Althoughthederivationof
themulti-dimensionalpropagationschemeisrelativelystraightforward,theactual
implementationis ot.
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ThefIrsthurdleinimplementingahigher-dimensionalmethodologyisto
writeanalgorithmthatgeneratesamulti-dimensionalgrid.Thisgridis laidout
accordingtotheresearcher'sspecifIcations(i.e.orientation,length,gridspacing,etc).
Thechallengeposed,andthechallengemet,wastomakethisgridcompletelygeneral
tosize,spacing,anddimensionality.Afterthegridwaslaidout,thenewpropagation
algorithmneededtobewrittenandtestedforaccuracy.
TableI. Thepropagationerrorcomputedaccordingto1:(CPDAF-CPExact)2.Theappropriate0-
valuewaschosenfor eachvalueofM for maximumaccuracy.
M=lO
(- 2pts)
M=60
(-5pts)
~t=0
0.02608
7.652xlO-ll
.018397
1.807x 10-9
~t=1O
0.02610
8.219xlO-ll
.018402
1.812xlO-9
TableI displaystheresultsofthepropagationfaprotonalonga100x 100x
100grid- thewavepacketis propagatedoverone-millionpoints!Becausewehave
chosentorepresentthewavepacketasaGaussian,measuringtheaccuracyofthe
propagationisstraight-forward,sincetheanalyticalnsweriswellknown(equation
(15)).t (~25attoseconds),alongwiththeothervariablesinequations(17)and(15)is
inatomicunits.ThefIrstandthirdrowsshowtheerrorofthepropagationaccording
N
to I (cp(i)DAF-cp(i)Exacti,wherethesummationtakesplaceoverallofthegrid
points.ThesecondandfourthrowsshowtheerrorsummedoverallbutthefIrsttwo
andfIvegridpointsalongeachdimension.It canbeseenfromthedatathathebulk
oftheerrorsoccurinthefIrstfewpointsforM =60andM =10,whichisexpected
duetothebandednatureofthepropagator(i.e.thefIrstfewpointsareexpectedtobe
lessaccurate).Thesecondcolumnshowsthathepropagationisstableover0.25
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femtoseconds.Furthertestsdemonstratingstabilityoverlongertimescales(-10
picoseconds)arecurrentlyunderway.
Thefinalstepistosuccessfullyenterthecodeintoadevelopmentversionof
Gaussian03.8Thispresentsitsownsetofchallenges,incetheinsertionofasmall
algorithmintoalargeprogramrequiresthatchangesaremadeinboththenewand
oldportionsofthecode.Todate,thisinsertionhasbeenpartlysuccessful.The
multidimensionalgridalgorithmworkswell.Includingthepropagationschemeis
currentlyinprogress.
SectionIV - Considerableprogresshasbeenmadetowardsgeneralizing
quantumwavepacketdynamicstohigherdimensions.Thenewmulti-dimensional
gridalgorithmfunctionsbothinandoutofGaussian.Thepropagationschemehas
beenshowntobeaccurate.
Oncethefullschemefunctionsproperly,testswill beperformedtoshow
accuracyandtoensurethatenergyisconservedduringthepropagation.Suitable
applications,suchasanelectrontransferthroughamolecularwire,will thenbe
treatedtodemonstratethepowerofthisnovelmethod.Finally,onelastadjustment
mustbeimplementedbeforethemethodisfeasibleforlargegridsizes.
Inordertoproperlymovethequantumparticle,thepotentialenergyfeltby
thequantumparticlemustbecalculatedateverygridpoint.Thiscalculationquickly
becomesabottleneckwhenbothgridsizeanddimensioni crease.Inordertoavoid
thispotentiallyargecomputationalexpense,amulti-dimensionalinterpolation
schememustbeimplementedthatwill allowpointstobeleftoutduringthese
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calculations.Todate,aone-dimensionalschemehasbeenimplementedandisbeing
tested.
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